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Questions

• How do we verify effective media models?
[Part I]
• Given effective stiffness tensors, how do 

we compute reflection coefficients?
[Part II]



Background

• How do we compute reflection 
coefficients?
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Boundary Conditions
Liquid/Solid Interface

We know                          The additional conidition we impose is 
“anti-cavitation condition” which is                           , i.e. the 
normal components of the displacement must be continuous.  
Notice that all of the displacement components need not be 
continuous across the interface because the liquid is free to move 
sideways

 liquid  ˆ z  solid  ˆ z 

ˆ z  uliquid  ˆ z usolid

zz solid   zz liquid

zx solid   zx liquid  0

zy solid
 zy liquid

 0



Boundary Conditions
Solid/Solid Interface

1  ˆ z  2  ˆ z 
u1  ˆ z  u2  ˆ z 

Solid/Solid (Welded Contact)

1  ˆ z  2  ˆ z 
u1  u2

All three components of displacement are continuous since the solid 
being in welded contact is not allowed to move sideways. In other 
words the vector is continuous.



Reflection Coefficients
Aki and Richards (2002).

Steps

• incident plane waves have unit amplitude; the reflected and 
transmitted waves have the amplitudes of reflection/transmission 
coefficients

• express displacements and stress components in terms of these 
plane wave potentials

• Apply boundary condition at the boundary

• Solve the resulting system of equations for the R/T coefficients



Faults/Fractures

• Linear Slip Model (Schoenberg)
• Stresses are continuous – displacement 

discontinuous
• The resulting reflection coefficients are 

frequency dependent
• Observation of a phase shift even at 

normal incidence
[van der Neut, Sen and Wapanear 2007]



Part I
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Part II

• Fractured Porous media  anisotropic stiffness 
coefficients that are frequency dependent.

• Anisotropic Systems: homogeneous, stratified 
and laterally heterogeneous media

• SVD: phase velocity, degenerate eigenvalues
• Eigen vector matrix, anisotropic reflection 

coefficient.



Heterogeneous Anisotropic Earth 
Models

Linearized Momentum Equation

Constitutive Relation

Wave Equation
Field Variables: 6 components of stress and 3 

components of particle displacements
Earth Model Parameters: 21 elastic coefficients and 

density

.  u f

: :  τ C ε C u

 . :  u C u f



Frequency dependent 
anisotropy





Fryer and Frazer 1985



• A is diagonalizable
• Eigenvectors of A with different 

eigenvalues are orthogonal
• There is a matrix D and a diagonal 

matrix such  that AD=D
• The elements of  are the upgoing and 

downgoing vertical slownesses



How do we diagonalize A?

• It is a complex matrix and is NOT 
symmetric

• Apply a similarity transform to make A
symmetric [Fryer and Frazer 1985]

• We can use Jacobi iteration to diagonalize 
a complex symmetric matrix





Fryer and Frazer 1985
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Summary
• Our work on Discontinuous Galerkin finite 

element method is ongoing
– 3D
– Include multiple fracture sets (pores, cracks) 

• Interesting case studies with fractured 
porous media

• Frequency dependent AVO (spectrum 
versus offset)

• Frequency dependent shear wave splitting
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